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Abstract. We show that it is natural to consider the energy-momentum tensor associ- 
ated with a spinor field as the second fundamental form of an isommetric immersion. In 
particular we give a generalization of the warped product construction over a Riemannian 
manifold leading to this interpretation. Special sections of the spinor bundle, generaliz- 
ing the notion of Killing spinor, are studied. First applications of such a construction 
are then given. 



1. Introduction 

In this paper, we show that there exists an analogy between the role of the energy- 
momentum tensor associated with an eigenspinor field of the Dirac operator and the role 
of the second fundamental form of a hypersurface. 

In in], O. Hijazi proved that on a compact Riemannian spin manifold, any eigenvalue 
A of the Dirac operator D, to which is attached an eigenspinor ■0, satisfies 

A' > inf(^S+ iT^n, M 

where S is the scalar curvature of the manifold, and is the energy-momentum tensor 
associated with tp. This lower bound gives a non-trivial information on the spectrum 
of D without requiring S to be positive (compare with Friedrich's inequality Even 
though the r.h.s. of (^) depends on the eigenspinor -0, we shall show that, in the case of 
a hypersurface, the limiting case can be geometrically interpreted. 

Therefore, we begin by recalling basic facts regarding spin geometry of hypersurfaces, 
such as the identification of the restriction of the spin bundle of an ambient space with 
the spin bundle of a hypersurface, and the spinorial GauB formula. 

We then prove that the extrinsic lower bound for the eigenvalue of the Dirac operator on 
a compact hypersurface bounding a compact domain given in |^ is related to the intrinsic 
estimate Equality cases are characterized by the existence of special sections of the 
spinor bundle, called T-Killing spinors, which generalize the notion of Killing spinors 
(these particular sections have been studied by E.G. Kim and Th. Friedrich in j7j). 

Recall that complete simply connected Riemannian spin manifolds carrying real Killing 
spinors are characterized in [2j. For this, G. Bar proved that the usual cone constructed 
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over such a manifold has to be Ricci flat. The geometry of the cone being studied by 
S. Gallot in |8|, it suffices then to apply the already known characterization of irreducible, 
simply connected Riemannian spin manifolds carrying parallel spinors jTT].|17j. 

In the last three sections, we show that the above argument can be generalized to 
Riemannian spin manifolds carrying T-Killing spinors in the following way: 

We start by constructing a generalized warped product over a Riemannian manifold 
{M,g), deforming the initial metric in the direction of the energy-momentum tensor T"^ 
associated with a T-Killing spinor field "0. Therefore, we can consider (M, g) as a hyper- 
surface of the constructed manifold A4 whose second fondamental form is given by T^. 
In the case where this 2-symmetric tensor is parallel, we then show how this construction 
extends the one of the usual warped product. We finally prove that in the case of a 
manifold carrying a T-Killing spinor field whose energy-momentum tensor is a projector, 
the manifold A4 has to be Ricci fiat (Theorem 15. 



2. The restriction principle and T-Killing spinors 

2.1. Restricting spinors to a hypersurface. Let {N^~^^,g) be an oriented Riemannian 
spin manifold of dimension n + 1, with a fixed spin structure. Denote by T^N the spinor 
bundle associated with this spin structure. If M" is an oriented hypersurface isometrically 
immersed into A^, denote by u its unit, globally defined, normal vector field. Then M is 
endowed with a spin structure, canonically induced by the one on A^. Denote by EM the 
corresponding spinor bundle. Recall that the spinor bundle T,N splits into 

where S^A^ is the ±l-eigenspace for the action of the complex volume forme Un+i = 
The following proposition is essential for what follows (see for example [H], 

ca, CHI): 

Proposition 2.1. There exists an identification of HN^m (resp. H'^N^nj) if n is even 
(resp. odd) with SM, which after restriction to M, sends every spinor field ip G r(SA^) 
to the spinor field denoted by ifj* G r(SM). Moreover, if ^ (resp. ■) stands for Clifford 

multiplication on TjN (resp. TjM), then one has 

{X ■y^y = X-r , (1) 

N N 

for any vector field X tangent to M. 

Another important formula is the well-known spinorial Gauss formula: if and V 
stand for the covariant derivatives on r(SA^) and r(SM) respectively, then, for all X G 
TM and i) G r(SA^) 

{y''^^pr = wxr + \Kx)-r, (2) 

where h is the second fundamental form of the immersion M ^ N viewed as a symmetric 
endomorphism of the tangent bundle of M. 
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Recall that the ambient spinor bundle T^N can be endowed with a Hermitian inner 
product ( , )iv for which Clifford multiplication by any vector tangent to is skew- 
symmetric. This product induces another Hermitian inner product on SM, denoted by 
( , ) making the identification of Proposition 12.11 an isometry. Now, relation (Q) shows 
that Clifford multiplication by any vector tangent to M is skew-symmetric with respect 
to(,). 

2.2. On Hijazi's inequality involving the energy- momentum tensor. We now 

discuss the role of the energy-momentum tensor associated with a special section of the 
spinor bundle when it is involved in lower bounds for the first eigenvalue of the Dirac 
operator. Recall the following estimate 

Theorem 2.2 (Hijazi, [5]). On a compact Riemannian spin manifold {M"',g), any eigen- 
value A of the Dirac operator to which is attached an eigenspinor i/j, satisfies 

X^>mi(\s+\T^\^), (3) 

where S is the scalar curvature of (M", g), and the field of symmetric endomorphisms 
defined on the complement of the set of zeros of ip by 



By the Cauchy-Schwarz inequality, one can easily check that this lower bound improves 
the one obtained by Th. Friedrich ^ 

inf S* , 



4(n - 1) M 

and in particular, it may give a non-trivial lower bound in the case where inf m S is 
non-positive whereas Friedrich's inequality requires 5" to be positive. 

If equality holds in Q, then has constant length, 

tr(T'^)2 = ^S+ |T^|2 = constant (4) 

and 

div(T'^) = . (5) 

Interpreting the energy-momentum tensor associated with a spinor field as a second 
fundamental form (see also j7|) leads to the following proposition and remarks: 

Proposition 2.3. Let (A^^+^^r) be any compact oriented hypersurface isometri- 

cally immersed in an oriented Riemannian spin manifold {N^^^^g), with constant mean 
curvature H and second fundamental form h. Assume {N"'^^,g) admits a parallel spinor 
field, then M satisfies the equality case in 

Moreover, the energy-momentum tensor associated with the spinor field ij) in Theorem 
satisfies 

2T^ = h. 
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Proof. Let $ be any parallel spinor field on A^. Then Proposition 12.11 and GauB formula 
(0) yield 

Vx^ + ^M^)-V = 0, (6) 

with -0 := $*. Let (ci, . . . , e„) be a positively oriented local orthonormal basis of r{TM). 
Then for j = 1 , . . . , n we have 



n ^ 



k=l 

Taking Clifford multiplication by and the scalar product with ip, we get 

2 



2 

Since 3fJ(ei ■ ■ '0, -0) = — ^jfclV'P, it follows, by the symmetry of h 



k=l 

|2 



|2 



Therefore, 2T''' = /i. Moreover, N has to be Ricci-fiat, and the Gauf5 Equation yields 

tr(2r'^)2 = n^H^ = S + \2T^\^ = constant . 
Tracing Equation (P) completes the proof. □ 
Remark 2.4. Since the GauB equation implies 

—H^ = -S+ IT'^I' = constant , 
4 4 

we point out that we are exactly in the equality case of the extrinsic estimate given in 
[TU] (Theorem 6), as expected. 

Remark 2.5. Conversely, we can not conclude that if {M,g), dimM > 3, satisfies the 
equality case in Q, there exists an isometric immersion of M as a hypersurface with 
constant mean curvature into a Riemmanian spin manifold with parallel spinors. However, 
this is true if dimM = 2 (see [Hj). 



2.3. On T-Killing spinors. We now give basic properties of T-Killing spinors, which 
satisfy equality case in Q. They are generalizations of Killing spinors, and have been 
studied by Th. Friedrich and E.G. Kim in 

Let {M^,g) be a n-dimensional Riemannian spin manifold. A T-Killing spinor field 
if) e r(SM) is a spinor field which satisfies 

= -T^{X) ■ ^ , \/X eTM (7) 

and 

tr(T'^) = constant, 

where is the energy-momentum tensor associated with •0, defined as in Theorem 12.21 
It is easy to see that such a spinor field is an eigenspinor for the Dirac operator and since 
it satisfies the equality case in (jH)), it also satisfies Equations (jH) and (0)- Moreover tfj has 
constant length. 
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Indeed, computing the action of the spinorial curvature tensor 71 on the spinor i/j, we 
see that necessarily, for all vector fields X,Y & r{TM), 

= (t^{Y) -T^iX) -T^{X) ■T^{Y)yij (8) 
+ (^iVyT^)iX) - i\/xT^)iY)y ilj 

and 

n 

Ric(X) > = 2 J^Ci ■ 7^(e^,X)V' 

i=l 

n 

= 4tr(T^)T^(X)-^-4r|(X)-^-2^e.-(VeT^)(X)-^. (9) 

i=l 

Recall the following definition 

Definition 2.6. A symmetric 2-tensor T G S^{M) is called a Codazzi tensor if it satisfies 
the Codazzi-Mainardi equation, i.e. 

{VxT){Y) = {VyT){X) VX, Y G T{TM) , (10) 

(T being viewed in this formula via the metric as a symmetric endomorphism of the 
tangent bundle). 

To every nowhere vanishing spinor field i/j, we can associate the real vector field 
defined by 

g{V^,X) = z{ij,T^{X) ■ ^) , WXe T{TM) . 

Note that T-Killing spinors have the following property: 

Proposition 2.7. Let ip be a T-Killing spinor field. IfT^ is a Codazzi tensor, then the 
associated vector field is a Killing vector field. 

Proof. For all X,Y & TM, we compute 

g{VxV^,Y) = Xg{V^,Y)-g{V^,VxY) 

= t{Vx^, T^{Y) ■ ^) + Vx{T^{Y)) ■ ^) 

T^{Y) ■ Vxi^) - ^(^, T^iVxY) ■ i^) 

and since Clifford multiplication by vector fields is skew-symmetric with respect to (.,.), 
we have 

g{VxV^, Y) = liT^iY) ■T^(X) ■ ^, ^) - ^(T^(X) ■ T^(y) ■ ^, ^) + V x{T^)iY) ■ ^) 
which is clearly skew-symmetric if (jlUp holds for . □ 

Remark 2.8. A spinor field satisfying Equation (|7j) and whose associated energy-momen- 
tum tensor is a Codazzi tensor is called a Codazzi Energy-Momentum spinor. This 
notion generalizes the notion of Killing spinors (see jT3] for a study of these particular 
spinor fields). It is known that given a Riemannian manifold {M,g) of dimension 3, the 
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existence of a non trivial Codazzi Energy-Momentum spinor field is equivalent to the 
existence of an isometric immersion of the universal covering of M into the Euclidean 
4-dimensional space (see [131 )• 

3. Generalized warped product over a Riemannian manifold 

Proposition 12.31 and Remarks 12.41 and 12.81 show that it is natural to consider the energy- 
momentum tensor associated with a spinor field satisfying ((7j) as the second fondamental 
form of an apropriate immersion. In this section, we give a natural construction of a 
generalized warped product over a Riemannian manifold. 

Recall that if tt : M — » is a smooth map between two manifolds, then two vector 
fields X e T{TM) and Y e r{TN) are said to be 7r-related {X ~ Y) if d7r(Xp) = at 
all point p in M. Two vector fields X G r(TM) and Y G r{TN) are vr-related if and only 
if X{f on) = Y{f) o TT for all smooth function / defined on A^. Moreover, it is a classical 
fact that Xi ~ X2 and Yi ~ Y2 imply [Xi, Yi] ~ [X2, Y2]. 

Now let {M"',g) be a compact Riemannian spin manifold. We denote by V the Levi- 
Civita connection on M. Let h G S'^(M) be a symmetric 2-tensor, and / : J ^ R a 
smooth function, with /(I) = and / =]1 — e, 1 + e[G M, such that the metric 

gt = 9 + f{t)h (11) 

is well-defined on M for all t & I. We endow M x I with the metric 

g = nUgt)(Bn*{dH), (12) 

where ttm and tt/ are respectively the first and second canonical projections of M x / on 
M and /. We denote by = (M x /, g) the generalized Riemannian warped product 
obtained by this construction. 

Note that for f{t) = — 1 and h = g, this construction corresponds to the usual cone 
over M, the metric g being then defined by g = t'^g + d^t (see jS]). In the following, we 
will call Ai a generalized cone if by definition f{t) = — 1 

The lift of a vector field X G r(TM) to A4 will be called a horizontal vector field. 
By definition, it is the only vector field, X G r{TAi), such that dnM{X) = X and 
dTTj{X) = 0. The set of horizontal vector fields will be denoted by Ti^Ai). In the 
following, dt will stand for the unit vector field spanning r(T/), as well as its lift to 
r{TA4). Then we have the following classical proposition (see J3] for example): 

Proposition 3.1. If X,Y G 7i{Ai) are horizontal vector fields, then 

[X,Y] = [Xy], and [X,dt] = 0. 

If q : I ^ W is a smooth function, then the gradient of q = q o m : ^ M is the lift of 
the gradient of q. 

For all X G T{TM) and t E I we denote by IIt{X) the vector field defined by 

gt{Ht{X),Y) = h{X,Y), WYeTiTM). 
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Proposition 3.2. // V stands for the Levi-Civita connection of the generalized Rie- 

mannian warped product M., and V* for the Levi-Civita connection of {M,gt), then for 
all X,Y & r{TM), we have the following generalized O'Neill formulas: 

VdA = 0, (13) 

V^d, = Va,X = (14) 

f'(t) 

V^Y = V'^Y-^hiX,Y)dt. (15) 



Proof. Equality ()13|) is trivial. Hence, note that since g{X, dt) = 0, we have 

g{V9,X,dt)=0. 

On the other hand, g{dt, dt) = 1 implies g(Vj^c?f, dt) = 0. By the Koszul formula, we get 

2g(Va,X,y) = 2giV^dt,Y) = dtMX,Y)) = dt{gt{X,Y)) 

= dt{g{X, Y)) + dt{f{t)hiX, Y)) = f'{t)h{X, Y) 

= f'{t)gt{Ht{X),Y) = f{t)g{lUX),Y), 

which proves (|T4|l . Again, by the Koszul formula 

2giV^Y,dt) = -dt{g{X,Y)) = ~dt{gt{X,Y)) 

= -dtig{X, Y)) - dt{f{t)h{X, Y)) = -f'{t)h{X, Y) , 

and 

2g(V^y,Z) = Xgt{Y,Z) + Ygt{Z,X)-Zgt{X,Y) 

-gtiX, [Y, Z]) + gtiY, [Z, X]) + gtiZ, [X, Y]) 

= 2gti\/'^Y,Z)=2giV^,Z) . 

Therefore the proof of (fT3j) is completed. □ 

Proposition 3.3. For all X,Y,Z e T{TM), we have 

V^VaA = '^dydA = (16) 
Vay^dt = Vaya,X = l^H^) - ^-^^Htmx)) (17) 

V^Va,Y = V^Vydt = ^VyUY)-^-^^h{X,Ht{Y))dt (18) 

Vay^Y = ^A7^)-^/ftTv5F)-^M^,m (19) 

f'(t) 

V^VyZ = W'^V'yZ - ^h{X,V'yZ)dt 

-lMxh{Y, Z)dt - ^^^^h{Y, Z)IUX) , (20) 
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where At{X,Y) is the vector field defined on M by 

gt{A{X,Y),Z) = Xh{Y,Z) + Yh{Z,X)-Zh{X,Y) 

-h{X, [Y, Z]) + h{Y, [Z, X]) + h{Z, [X, Y]) . 

Proof. Equality (fTBj) is trivial. Since g(Vj^9j,9t) = 0, we have g(Vaj V^9t, c?j) = 0. 
Moreover, 

= 9,(^g(£(x),y))-i^^^g(^(^^ 

= ^-^9tmX),Y)-^J^g,{H,{H,{X)lY) 

= g(^^(3o-^:^^//,(:^)),y), 

which proves ()17p . On the other hand, 

g(v^Va,?,z) = xg(Va,y,z)-g(Va,y,v^z) 



2 



Xgt{Ht{Y),Z) - gt{Ht{Y)XxZ) 

(v^r),z), 



and 

g(V^Va,y,ai) = Xg{VaJ,dt)-z{Va,Y,V^dt) 



4 



gtmY),HtiX)) 
h{Ht{X),Y) . 



4 

Therefore, we proved ([T^ . For (fTTHl . we show that 

g(Va,V^F,a,) = dtg{V^Y,dt) -giV ^Y,V9A) 
= -dt{^h{X,Y)) 

= ^l^h{X,Y) 



and 

g(Va,v^F,z) = aig(v^y,z)-g(v^y,Va,z) 
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On the other hand, we have 

'xh{Y,Z)+gt{V'yZ,Ht{X)) 

'xh{Y,Z) + h{V'YZ,X)^ 
and 

g{V^VyZ,V) = Xg{VyZ,V)-giVyZ,V^V) 

= Xgt{VyZ, V) - gtiV'yZ, V'^V) - ^-^^h{Y, Z)h{X, V) 
= gtiV'^VyZ, V) - ^-^^h{Y, Z)g,iH,{X),V) 

= g(V^Z,V)-^-^^h{Y,Z)g{H^),V). 

Therefore the proof of pn|) is completed. □ 

Proposition 3.4. If R and -R* denote respectively the Riemann curvature tensor of Ai 
and of {M,gt), then we have the following relations: 

R{dt,dt)dt = R{dt,dt)X = 

R{X,d,)dt = -i^H^)+^-^^H,{lUX)) 

R{X,d,)Y = 11^{VS^Y) + nTyS^Y) - A^Y)) 

+^h{X, Y)dt - ^I^h{X, H,{Y))dt 

R{X,Y)d, = ^ [v*,W(n - V^.'SkX) 

R{X,Y)Z = R^{X^^)Z + i^(^{VYh){X,Z) - {Vxh)(Y,Z)]dt 



^ilM. (^h{x, z)h2y) - h{Y, Z)IUX) 



Proof. Straightforward from the preceding proposition. □ 

Remark 3.5. Let g be a positive smooth function on /. Define f := — 1 and h = g. 
Then gt = q^{t)g and TVI is the usual warped product constructed over M. We have 
/' = 2qq' and /" = 2{qq" + {q'f), and since 

q\t)g{Ht{X),Y) = gt{Ht{X),Y) = h{X,Y) = g{X,Y) , 

we get 
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Therefore, it is straightforward to see that Propositions \'A.'2\ IH.HI and K14I correspond pre- 
cisely to O'Neill Formulas (15] p. 206 and 210). 

In the following, take f{t) =f-l. If X, Y,Z,W e r{T{M x f I)\m) are vector fields 
tangent to M and dt the unit normal vector field on M, then. Proposition IH.4I yields 

g{R{X,dt)dt,Y) = h{H{X),Y)-h{X,Y) 
g{R{X,Y)duZ) = {Vxh){Y.,Z)-{VYh){X,Z) 

g{R{X,Y)Z,W) = g{R{X,Y)Z,W) + h{X,Z)hiY,W)-h{Y,Z)h{X,W) . 

As expected, the construction of Ai allows the interpretation of h as the second funda- 
mental form of the hypersurface M x {1} G A4. 

4. T-KlLLING SPINORS WITH PARALLEL ENERGY-MOMENTUM TENSOR 

Assume now that {M"',g) admits a non trivial T-Killing spinor field -0 with parallel 
energy-momentum tensor T^. Consider the generalized cone Ai over M, with h = 2T^. 

Back to the construction of the cone, given X,Y G TM, it is straigthforward to see 
that, 

V^r = VxY + - l)B\X, Y) 
where the vector valued 2-symmetric tensor is defined by 

gt{B\X,Y),Z) = {Vxh){Y,Z) + {Vyh){Z,X) - {Vzh){X,Y) , ^ZeTM. 

Therefore, Propositions 13.21 13.41 and formula Q yield 

Proposition 4.1. Assume that {M"',g) admits a non trivial T-Killing spinor field i/j with 
parallel energy-momentum tensor T^. Then the Levi-Civita connection and the Riemann 
curvature tensor of the generalized cone M. over M, with h = 2T^ satisfy 

"^aA = 

V^dt = V9,X = tlUX) 

v^y = v^-th{x,Y)dt, 

and 

R{dt,dt)dt = R{dt,dt)X = R{X,Y)dt = 

R{X,dt)dt = -H^)+t^Ht{HAX)) 

R{X,dt)Y = h{X,Y)dt-t^h{X,HtiY))dt 

R{X,Y)Z = R(x^)Z + e{h{X,Z)H^)-h{Y,Z)lUX)Y 

Moreover, the Ricci tensor of {M^,g), viewed as a field of symmetric endomorphism, 
satisfies for all X e T{TM) 

Ric(X) = tT{H)H{X) - H\X) 
where H stands for Hi with the above notations. 
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With the help of this proposition, we can give an exphcit relation between the Ricci 
tensor of the generalized cone A4 and the Ricci tensor of M. For this, we have to define a 
canonical local oriented orthonormal basis of TA4. At a fixed t & I, define the symmetric 
positive endomorphism Gt of TM by 

gt{X,Y)=g{Gt{X),Y) , \/X,YeTM. 

Now, given a local oriented orthonormal basis (ei, . . . , e„) of TM, we get the local oriented 
orthonormal basis . . . , En,dt) ofTAi by defining, at each point {x, t) E J^, the vector 
Ei{x,t) as the lift of the vector 

el{x) := G;^ei{x))eT,M 

(where for all positive symmetric endomorphism B, stands for its positive square 
root). 

Since gt = 9 + if' — ^)h, it is easy to see that = Id + (t^ — 1)H for all t G /. Hence, 
at a fixed point t E I, Gt is parallel since we assumed that H is parallel. 

We then have the following 

Corollary 4.2. Denote the Ricci tensor of M. by Ric, then for all horizontal vector fields 
X ,Y E T-C{Ai), we have at a fixed point {x, t) E M. 

Rfc{X,dt) = 

n n 

mc{dt,dt) = t'Y,h{el,Ht{e{))-Y,h{eiel) 

1=1 1=1 

n 

mc{X,Y) = ti{H)h{XX)-KH{,X),Y)-t^^h{eie'^h{XX) + t^KHt{,X),Y) . 

1=1 

Proof. Straightforward from Proposition 14.11 Remark that since Gt is parallel, we have 

gt{R{elX)eiY) = g{R{e„X)e„Y) ■ 

□ 

Remark 4.3. As in Remark 13. 5^ assuming h = g, then gt = t^g and M. is the usual cone 
over M. We get 

Ht{X) = ^X and e* = ^e^ . 

Since 2T'^ = h, the spinor field -0 G r(SM) is actually a real Killing spinor field with 
Killing number | and we recover C. Bar's result which says that A4 has to be Ricci fiat 

my 

5. The case of a projector 

If M carries a fc-dimensional parallel smooth distribution /C, we can define on M a 
parallel field of symmetric endomorphisms H satisfying = H as the projector on /C"*", 
the orthogonal of /C. We can also consider the generalized cone over M constructed 
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with H. Then, if (ei, . . . , e^) is an oriented orthonormal basis of TM such that the vectors 
ei , . . . , Cfc span /C, we get 

^0 liXeK. 



Ht{X) 



and 



4 



ifl <i<k 
jcj iik+l<i<n. 



Hence, Corollary 14.21 imphes the following 

Theorem 5.1. Let {M'^,g) be a compact Riemannian spin manifold admitting a smooth 
parallel distribution K, and let if) be a non-trivial T -Killing spinor whose energy-momentum 
tensor corresponds to the orthogonal projection on K,^ . Then the generalized cone Ai 
has to be Ricci flat. 

The argument used by C. Bar in [2j seems to be still usefull in this situation. There- 
fore, we can formulate the following question in the case where {M"',g) is a compact 
Riemannian spin manifold admitting a smooth parallel distribution. 

Is it possible to find lower bounds for the first eigenvalue of the Dirac operator on 
[M'^^g), such that the limiting cases are characterized by the existence of a non-trivial 
T-Killing spinor whose energy-momentum tensor is a projector? 

Such an estimate on a compact Riemannian spin manifold admitting a parallel 1-form 
is given in p. One can note that the problem formulated above is a particular case of 
the problem of studying the spectrum of the Dirac operator on a manifold admitting a 
parallel A;-form. 
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